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Abstract
Chemical dispersivity is a common parameter needed for pollutant fate and transport models in geomedia 
environments.  This study estimated the effect of distance on dispersivity measured in columns using X-ray 
computed tomography.  Columns containing natural and homogeneous media were evaluated.  The convection-
dispersion equation appeared to be appropriate for the column distances used in this study.  Dispersivity was found 
to be a function of distance from the upstream end in the column studies for the natural porous media but not the 
homogeneous porous media.  Dispersivities were estimated using the average breakthrough slope for selected scan
planes (mean slope method), using the solution of the convection-dispersion equation fit to the average breakthrough 
for selected scan planes (curve fit method), and using groups of pixels in the selected scan planes (group pixel 
method).  Values estimated using the mean slope method or the curve fit method were found to be scale dependent;
however values with the group pixel method were not.  Fractal dimension values appeared within appropriate ranges 
when estimated for the core samples using the mass versus radius relationship. Results suggest dispersivity may be 
dependent upon the sampling volume rather than the straight-line length solute travels through media.
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1. Introduction
Pollutant transport in porous media is an important area of study to protect the quality of water resources.  
Understanding fluid transport properties and the associated spatial variability of these properties is essential for 
accurate prediction of transport behavior.  Fractal analysis is one method of quantitatively describing spatial changes 
in these properties.  Structural properties of a porous media can be explained using fractal dimension (Dathe and 
Thullner, 2005), and fractal dimension can be used to assess macropore structure measured using computed 
tomography (CT) methods (Peyton et al., 1994; Rachman et al., 2005; Udawatta and Anderson, 2008).  
A measure of the inner pore size distribution is the fractal dimension.  Fractal theory can be used to compare 
structural complexities and values can be used as an index for macroporosity and water retention in porous media 
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(Tyler and Wheatcraft, 1989; Rasiah, 1995; Perret et al., 2003).  Researchers have measured the fractal dimension of 
pores in sand to silty clay loam textured soils and found these values varied between 1.011 and 1.485 (Tyler and 
Wheatcraft, 1989).  Udawatta and Anderson (2008) found that the fractal dimension of CT-measured macroporosity 
was highly correlated with saturated hydraulic conductivity (r = 0.87).
X-ray computed tomography (CT) techniques as a diagnostic tool in soil science have a significant potential for 
advancing dynamic solute transport research (Anderson et al., 2003).  To date, only a few studies have quantified the 
macropore-scale spatial structure of solute transport parameters such as pore-water velocity and dispersivity 
measured using these CT techniques (Anderson et al., 2003).  Developing an understanding of the macropore-scale 
variability of solute transport parameters will play an important role in predicting the fate and transport of chemicals 
through heterogeneous porous media systems.  We hypothesize that fractal dimension of chemical dispersivity 
provides useful indicators to differentiate solute movement through porous media.  The objectives of this study were 
to evaluate whether CT-measured dispersivity in intact soil core and homogeneous core samples is fractal, and if so, 
to determine the fractal dimension of this property.
2. Materials and Methods
Experimental Samples Four intact samples of natural porous media (NPM) for this experiment were taken from a
site near Hartsburg, Missouri (Kazemi et al., 2008).  Materials at the site were classified as Sarpy loamy sand 
(mixed, mesic Typic Udipsamment).  These materials are well drained and formed in sandy alluvium. Intact cores 
(76.2 mm diam. by 76.2 mm long) were removed from the 0.05 to 0.13 m depth.  After sampling, the cores were 
trimmed on the ends, sealed in a plastic bag, transported to the laboratory and stored at 4o C prior to analysis.
Particle size analysis was determined on material from the site using the pipette method, and the distribution for 
the upper 150 mm horizon was 964 g kg-1 sand (Table 1).  Sand for this horizon was further classified as 3.6% very 
coarse, 4.0% coarse, 52.4% medium, 35.3% fine and 4.7% very fine.  The Ap horizon had 5.3 g kg-1 organic matter.
In addition, three homogeneous porous media (HPM) core samples were prepared using 44 to 88 Pm glass beads. 
These samples were prepared using several 1 to 2 cm layers in the 76.2 mm diam. by 76.2 mm long Plexiglas 
cylinders.
Solute Transport Parameters The convection-dispersion equation for one-dimensional flow in porous media is:
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where Cl is concentration (M L
-3), t is time (T); z is distance (L), v is pore-water velocity (L T-1), and Ds is 
dispersion coefficient (L2 T-1).  Experiments were conducted during this study to estimate parameters.
Measured relative concentration (KI solute) versus time was determined for each core.  The sample was saturated 
with a solution containing 6.1 g L-1 CaCl2 and 1.8 g L
-1 MgCl2, taken to the scanner, and scanned at selected 
distances along the core as a solution of 7.5 g L-1 KI was pulsed through the samples with a pump to achieve a pore-
water velocity of 0.30 cm/min in each core.  Each core was positioned in the gantry of the CT sanner with its 
longitudinal axis oriented horizontally.  When the assembly was set on the scanner table, the scanner was calibrated 
at the beginning of the experiment within the core saturated with the original solution and at the end of the 
experiment within the core saturated with the KI solution.  During the experiment the CT scan plane, perpendicular 
to the longitudinal axis, was placed at selected positions in the core.  Four scan planes were used along each core 
sample, 18 mm, 33 mm, 51 mm, and 71 mm from the inflow end of the core.  These planes were chosen to provide
nearly equal spacing when they were plotted on a logarithmic length scale.  An X-ray CT scanner using a 125 peak 
kVp X-ray beam with a pixel resolution of 0.5 by 0.5 mm and scan thickness of 2.0 mm was used for scanning.  
Experiments were completed after 60 minutes with scans taken every 30 seconds.
Effluent from downstream end of the breakthrough assemblies was collected during the experiment every 60 s.  
Concentration of effluent samples was determined using an iodide ion selective electrode and a reference electrode 
(Anderson et al., 2003).
Relative CT numbers from the KI breakthrough were plotted, and a smoothed CT-measured breakthrough curve 
was obtained.  Pore-water velocity (v) was estimated using the following relationship, v = L/tb, where L is the 
longitudinal length of core, and tb is pixel breakthrough time when the relative pixel concentration is 0.50. Solute 
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dispersivity (D) was estimated using the following relationship, D= Ds/v, where Ds is the dispersion coefficient and 
estimated using the KI data with the following relation, Ds = vL/4SS2 , where S is the slope of the breakthrough 
curve at relative concentration equal to 0.50.
Three methods were used to estimate dispersivity for the core samples:  mean slope method, curve fit method, 
and pixel group method.  The mean slope method uses the breakthrough curve information for each scan plane in 
each core sample to estimate dispersivity.  The curve fit method fit the non-linear solution for the convection-
dispersion equation to the breakthrough curve information for each scan plane in each core sample to estimate 
dispersivity.  The pixel group method used the breakthrough curve information for a pixel group of 200 x 200 pixels 
centered in each scan plane for each core sample to estimate dispersivity.
Estimation of Fractal Dimension For this study, the fractal dimension D, was estimated using several methods.  
One method used was the mass versus radius relationship.  Consider a set of points distributed over a straight line.  
The number of points contained within a ball of radius r, is M(r), and M(r) is proportional to r.  This relationship can 
be generalized to M(r) proportional to rD, where D is the fractal dimension.  Plotting M(r) versus r will yield a line 
whose slope is D.
Hurst (Feder, 1988) developed a method to measure the long-run correlation of data.  This method is also known as 
the rescaled range analysis.  Given a series of some function b(t), the mean of b over a lag t is 
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The rescaled range, R, is given by
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For fractal data sets, the range divided by the standard deviation, S(t), follows the relationship
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where H is known as the Hurst exponent and D = 2 - H.
3. Results and Discussion
Dispersivity Values A representative breakthrough experiment for a natural porous media core sample is shown in 
Figure 1.  The curve fits for the data use the solution for the convection-dispersion equation.  It is apparent that this 
equation is an appropriate solution for the flow experiments.
Dispersivity values as a function of distance from the inflow end of each soil core are shown in Figure 2.  For the 
mean slope method, dispersivity for the NPM cores (Fig. 2a) increased as a function of distance along the core 
sample.  There were some deviations which occurred, for example in Core #3 between the two middle distances.  
For the HPM cores (Fig. 2b), dispersivity did not increase as a function of distance with one main outlier (Core #2, 
third position).
For the curve fit method, dispersivity increased as a function of distance for the NPM cores (Fig. 2c).  For the 
HPM cores (Fig. 2d), dispersivity seemed to slightly decrease with distance along the column; although there were a 
couple of outliers (the last two positions for Core #2).
For the pixel group method, dispersivity did not increase as a function of distance for the NPM cores (Fig. 2e).  
To make this assessment, values which seemed to be outliers were removed (3rd and 4th scans for Core #4 and 4th
scan for Core #2).  For the HPM cores (Fig. 2f), dispersivity seemed to slightly decrease with distance along the 
column; although there were a couple of outliers.
Average results of solute dispersivity for the three estimation methods are shown in Table 1.  Average 
dispersivity values were approximately an order of magnitude higher for the NPM cores compared to the HPM 
cores.  This is expected since natural porous media has a higher degree of dispersivity relative to a homogeneous 
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Table 1.  Mean dispersivity (with standard deviation in parentheses) using 
three different estimation methods, average of all four scan planes for all 
replicate core samples.
Type of 
Porous Media
Mean Slope 
Method
Curve Fit
Method
Pixel Group
Method
     cm cm cm
Natural Porous
Media
Homogeneous
Porous Media
0.294
(0.112)
  
0.034
(0.024)
0.273
(0.102)
0.030
(0.019)
0.222
(0.210)
0.016
(0.0065)
        Fig. 1.  Breakthrough curve results at outflow end (effluent) and 
        four positions (xs) from inflow end of natural porous 
        media (NPM, Sample Number 3).  Lines illustrate fitted curves.
Fig. 2.  Dispersivity versus distance for four natural porous media samples (NPM) (a, c, e) and three homogeneous porous media samples (HPM) 
(b, d, f).  (a),(b) Estimated using mean slope method;(c),(d) estimated using the curve fit method; and (e),(f) esimated using pixel group method.  
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Table 2. Fractal dimension values from Hurst R/S analysis.
D = 2.0 - H.
Sample Mean H          VH           D 
NPM 1
NPM 2
NPM 3
NPM 4
HPM 1
HPM 2
HPM 3
0.902
0.793
0.848 
0.762
0.917
0.910
0.885
0.124
0.122
0.104
0.159
0.0709
0.0612
0.0608
1.098
1.207
1.152
1.238
1.083
1.090
1.115
Fig. 3.  Plot of log (dispersivity) versus log (distance) for four 
natural porous media (NPM) samples using the mean slope  
method.
porous media.  The mean slope method and the curve fit method appeared to have better agreement for dispersivity 
results for these core samples.
Fractal Dimension A plot of the logarithm of dispersivity estimated using the mean slope method versus logarithm 
of distance is shown in Figure 3.  Wheatcraft and Tyler (1988) indicated that the slope of the line through the data 
similar to Figure 3 should be equal to 2D-1 with D ranging from 1 to 2 (slopes would range from 1.0 to 3.0).  The 
data in Figure 3 are not fractal since the D values determined from the slopes ranged from 0.70 to 0.90.  This 
suggests that the streamtube flow model of Wheatcraft and Tyler (1988) is not valid for these porous media.
Fractal dimension values using the Hurst R/S analysis are shown in Table 2.  The mean and variance of the Hurst 
exponent are also listed in Table 2.  Fractal dimension values are within the expected range for porous media.  
However, the estimated fractal dimension values may have been affected by beam hardening with the CT method 
which affected the Hurst analysis.
The mass versus radius relationship was also used to estimate fractal dimension.  For this analysis, the sum of the 
CT numbers within a given radius of the center of the porous media sample was used as a measure of mass.  The CT 
numbers vary as a function of the density of the sample.  Fractal dimension values estimated using the sum of CT 
numbers (CTN) versus radius relationship method as a function of distance along core are shown in Table 3. These 
values appear higher than expected, possibly due to beam hardening within the scanner image.  Most of the 
dimension values are near 2.0, which implies the distribution of the CT numbers is approximately uniform.  The 
NPM samples are all lower than 2.0 while the HPM samples are all higher than 2.0. 
The mass versus radius relationship using the sum of the porosities within a given radius was also used to 
estimate fractal dimension.  Fractal dimension estimated using this method as a function of distance along core are 
shown in Table 4. Values using this method were all slightly less than 2.0, both for NPM and HPM samples.
Table 3.  Fractal dimension values as a function of distance from inflow end of core using the sum of CTN 
versus radius relationship method.
Sample x=1.78 cm x=3.30 cm x=5.08 cm x=7.11 cm
NPM 1
NPM 2
NPM 3
NPM 4
HPM 1
HPM 2
HPM 3
1.96
1.94
1.92
1.94
2.11
2.14
2.11
1.99
1.93
1.94
1.98
2.10
2.12
2.15
1.96
1.94
1.96
1.94
2.14
2.09
2.12
1.96
1.94
1.96
1.94
2.11
2.11
2.19
247 S.H. Anderson et al. /  Procedia Computer Science  12 ( 2012 )  242 – 247 
Table 4.  Fractal dimension values as a function of distance from inflow end of core using the sum of porosity
versus radius relationship method.
Sample x=1.78 cm x=3.30 cm x=5.08 cm x=7.11 cm
NPM 1
NPM 2
NPM 3
NPM 4
HPM 1
HPM 2
HPM 3
1.95
1.93
1.92
1.93
1.94
1.95
1.94
1.95
1.93
1.94
1.94
1.94
1.94
1.94
1.95
1.95
1.95
1.94
1.94
1.95
1.94
1.95
1.96
1.95
1.93
1.95
1.95
1.96
4. Conclusions
This study used three methods to estimate chemical dispersivity in porous media:  mean slope method, curve fit 
method, and group pixel method.  Columns containing natural and homogeneous porous media were evaluated for 
solute transport using X-ray computed tomography.  The convection-dispersion equation appeared to be appropriate 
for the column distances used in this study.  Results from the experiments showed that dispersivity was a function of 
distance from the upstream end in the column studies for the natural media but not the homogeneous porous media.  
Values estimated using the mean slope method or the curve fit method were found to be scale dependent; however 
values with the group pixel method were not.  Fractal dimension values appeared within appropriate ranges when 
estimated for the core samples using the mass versus radius relationship. However, results using the Hurst method 
determined fractal dimension values which were below the expected range.  Results suggest dispersivity may be 
dependent upon the sampling volume rather than the straight-line length solute travels through media. This study 
illustrates that computed tomography is a useful technique to estimate solute transport through porous materials on a 
macropore-scale.
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